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On the Passage of Waves through Fine Slits in Thin Opaque 

Screens. 

By Lord Bayleigh, O.M., F.B.S. 

(Received June 20, — Eead June 26, 1913.) 

In a former paper* I gave solutions applicable to the passage of light 
through very narrow slits in infinitely thin perfectly opaque screens, for 
the two principal cases where the polarisation is either parallel or 
perpendicular to the length of the slit. It appeared that if the width (2b) 
of the slit is very small in comparison with the wave-length (X), there is a 
much more free passage when the electric vector is perpendicular to the 
slit than when it is parallel to the slit, so that unpolarised light incident 
upon the screen will, after passage, appear polarised in the former manner. 
This conclusion is in accordance with the observations of Fizeauf upon the 
very narrowest slits. Fizeau found, however, that somewhat wider slits 
(scratches upon silvered glass) gave the opposite polarisation ; and I have 
long wished to extend the calculations to slits of width comparable with 
X. The subject has also a practical interest in connection with observations 
upon the Zeeman effect.^ 

The analysis appropriate to problems of this sort would appear to be by 
use of elliptic co-ordinates ; but I have not seen my way to a solution on 
these lines, which would/in any case, be rather complicated. In default of 
such a solution, I have fallen back upon the approximate methods of my 
former paper. Apart from the intended application, some of the problems 
which present themselves have an interest of their own. It will be con- 
venient to repeat the general argument almost in the words formerly 
employed. 

Plane waves of simple type impinge upon a parallel screen. The screen 
is supposed to be infinitely thin and to be perforated by some kind of 
aperture. Ultimately, one or both dimensions of the aperture will be 
regarded as small, or, at any rate, as not large, in comparison with the 
wave-length (X) ; and the investigation commences by adapting to the 
present purpose known solutions concerning the flow of incompressible 
fluids. 

* " On the Passage of Waves through Apertures in Plane Screens and Allied 
Problems," ' Phil. Mag.,' 1897, vol. 43, p. 259 ; ' Scientific Papers,' vol. 4, p. 283. 

t 'Annales de Chimie,' 1861, vol. 63, p. 385 ; Mascart's 'Traite d'Optique,' §645. See 
also 'Phil. Mag.,' 1907, vol. 14, p. 350; 'Scientific Papers,' vol. 5, p. 417. 

J .Zeeman, 'Amsterdam Proceedings,' October, 1912. 
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The functions that we require may. be regarded as velocity-potentials <£, 
satisfying 

d 2 <j>/dt 2 = VV 2 <k (1) 

where y 2 =. d 2 /dx 2 + d?jdy 2 + d 2 /dz 2 , 

and V is the velocity of propagation. If we assume that the vibration is 
everywhere proportional to e int , (1) becomes 

(^ + 7,2)^ = 0, (2) 

where h = nJY = 27r/X. (3) 

It will conduce to brevity if we suppress the factor e int . On this under- 
standing the equation of waves travelling parallel to x in the positive 
direction, and accordingly incident upon the negative side of the screen 

situated at x = 0, is 

<£ = e~ ikx . (4) 

When the solution is complete, the factor e int is to be restored, and the 
imaginary part of the solution is to be rejected. The realised expression 
for the incident waves will therefore be 

<£ = cos(?i£— hx). (5) 

There are two cases to be considered corresponding to two alternative 
boundary conditions. In the first (i) d(j>fdn = over the unperforated part 
of the screen, and in the second (ii) <£> = 0. In case (i) dn is drawn out- 
wards normally, and if we take the axis of z parallel to the length of the 
slit, <p will represent the magnetic component parallel to z, usually denoted 
by c, so that this case refers to vibrations for which the electric vector is 
perpendicular to the slit. In the second case (ii) <j> is to be identified with 
the component parallel to z of the electric vector E, which vanishes upon the 
walls, regarded as perfectly conducting. We proceed with the further 
consideration of case (i). 

If the screen be complete, the reflected waves under condition (i) have the 

expression <£ = e ikx , Let us divide the actual solution into two parts, % and 

ty; the first, the solution which would obtain were the screen complete ; the 

second, the alteration required to take account of the aperture ; and let us 

distinguish by the suffixes m and p the values applicable upon the negative 

(minus), and upon the positive side of the screen. In the present case we 

have 

Xm = e -tt* + 4*te 3^ = 0. (6) 

This %-solution makes d% m fdn = 0, d^jdn = over the whole plane 
x = 0, and over the same plane ^ m = 2, %p = ®- 
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For the supplementary solution, distinguished in like manner upon the 
two sides, we have 
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where r denotes the distance of the point at which yfr is to be estimated from 
the element dS of the aperture, and the integration is extended over the 
whole of the area of aperture. Whatever functions of position ty m ty p may 
be > these values on the two sides satisfy (2), and (as is evident from 
symmetry) they make dyfr m /dn, d\fr p /dn vanish over the wall, viz., the 
unperforated pare of the screen, so that the required condition over the wall 
for the complete solution is already satisfied. It remains to consider the 
further conditions that <fi and dcf)/dx shall be continuous across the aperture. 
These conditions, require that on the aperture 

2 + yfr m — yjr p , dyfr m /dx = dyjr p /dx. (8)* 

The second is satisfied if MJ%, = — ty m ; so that 
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(9) 



making the values of ty m , y]r p equal and opposite at all corresponding points, 
viz., points which are images of one another in the plane x = 0. In order 
further to satisfy the first condition, it suffices that over the area of aperture 

yfr m = — 1, \\r p ~ 1, (10) 

and the remainder of the problem consists in so determining ^ m that this 
shall be the case. 

It should be remarked that ^ in (9) is closely connected with the normal 
velocity at dS. In general, 

dyfr _ 
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(ii) 



At a point (x) infinitely close to the surface, only the neighbouring 
elements contribute to the integral, and the factor e~ ikr may be omitted. 
Thus 
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(12) 

d-yfr/dn being the normal velocity at the point of the surface in question. 

In the original paper these results were applied to an aperture, especially 
of elliptical form, whose dimensions are small in comparison with X. For 
our present purpose we may pass this over and proceed at once to consider 

* The use of dx implies that the variation is in a fixed direction, while dn may be 
supposed to be drawn outwards from the screen in both cases. 
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the case where the aperture is an infinitely long slit with parallel edges, 
whose width is small, or at the most comparable with X. 

The velocity-potential of a point-source, viz., e~ ikr jr, is now to be replaced 
by that of a linear source, and this, in general, is much more complicated. 
If we denote it by D (kr), r being the distance from the line of the point 
where the potential is required, the expressions are*" 

K ' \2ikr) 11. 8ikr + 1.2. (8ikrf "'J 

Ll ihr\ j" 1 1?t 2 /cV 



2 2 ' £2.4 2 

+ ^ bl ^2T4 2 22742762 b3 ""•••' CM 

where 7 is Euler's constant (0*577215), and 

S w = 1 + \ + \ + . . . + 1/m. (14) 

Of these the first is " semi-convergent " and is applicable when kr is large ;. 
the second is fully convergent and gives the form of the function when kr 
is moderate. The function D may be regarded as being derived from 
e ~tkrj T -fry integration over an infinitely long and infinitely narrow strip of 
the surface S. 

As the present problem is only a particular case, equations (6) and (10) 
remain valid, while (9) may be written in the form 

ir m = J¥JD {kr) dy, f p = -J¥*D (kr) cly, (15) 

the integrations extending over the width of the slit from y = —b to 
y = +&. It remains to determine ty m , so that on the aperture ifr m = — 1, 
yjr p = +1. 

At a sufficient distance from the slit, supposed for the moment to be very 
narrow, D (kr) may be removed from under the integral sign and also be 
replaced by its limiting form given in (13). Thus 



\ 2 

IT '■* 



+- = -\m-) *'** l** d y- (16 > 

If the slit be not very narrow, the partial waves arising at different parts 
of the width will arrive in various phases, of which due account must be 
taken. The disturbance is no longer circularly symmetrical as in (16). But 
if, as is usual in observations with the microscope, we restrict ourselves to 
the direction of original propagation, equality of phase obtains, and (16) 

* See < Theory of Sound,' § 341. 
VOL. LXXXIX. — A. K 
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remains applicable even in the case of a wide slit. It only remains to 
determine ^ m as a function of y y so that for all points upon the aperture 



r+b 

V m l>(kr)dy= -1, 

J _7, 



(17) 



where, since hr is supposed moderate throughout, the second form in (13) 
may be employed. 

Before proceeding further it may be well to exhibit the solution, as 
formerly given, for the case of a very narrow slit. Interpreting <f> as the 
velocity-potential of aerial vibrations and having regard to the known 
solution for the flow of incompressible fluid through a slit in an infinite 
plane wall, we may infer that ty m will be of the form A {b 2 —y 2 )~^, where A is 
some constant. Thus (17) becomes 



A 



(7 + log \ ih) 7T + 
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(18) 



In this equation the first part is obviously independent of the position of 
the point chosen, and if the form of ^ m has been rightly taken the second 
integral must also be independent of it. If its co-ordinate be ??, lying 
between ±h, 
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(19) 



must be independent of ??. To this we shall presently return ; but merely to 
determine A in (18) it suffices to consider the particular case of rj = 0. 
Here 



' +h log r . dy _ 2 p log y . dy _ 
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Thus A (7 + log \ihl) it = — 1, and ^ m ^/ = 7rA 

:so that (16) becomes 
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From this, ^ is derived by simply prefixing a negative sign. 

The realised solution is obtained from (20) by omitting the imaginary 
part after introduction of the suppressed factor e int . If the imaginary part of 
log (I ikb) be neglected, the result is 



-c 



orresponding to 



t — I ^ \* CQS l?jj — _ ~" 1 7r ) 
^ m ~ \2fa7 7 + log(i^&) 

2£ m = 2 cos w£ cos hx. 



21) 

(22) 
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Perhaps the most remarkable feature of the solution is the very limited 
dependence of the transmitted vibration on the width (2b) of the aperture. 

We will now verify that (19) is independent of the special value of tj. 
Writing y = b cos #, rj = b cos a, we have 

,+b logr.dy _ 
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o Jo 
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as we see by changing <£ into 7r— <£ in the second integral. Since a has 
disappeared, the original integral is independent of 77. In fact,* 



log (2 sin </>) <fc/> = 0, 
o 



and we have 



1+6 logr .dy 



- = TrlogP, 



(23) 



as in the particular case of 77 = 0. 

The required condition (17) can thus be satisfied by the proposed form of 
>P, provided that kb be small enough. When hb is greater, the resulting 
value of ^r in (15) will no longer be constant over the aperture, but we may 
find what the actual value is as a function of 77 by carrying out the integration 
with inclusion of more terms in the series representing D. As a preliminary, 
it will be convenient to discuss certain definite integrals which present 
themselves. The first of the series, which has already occurred, we will call 
Ao, so that 
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* See below. 
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Accordingly, h = 0. More generally we set, n being any even integer, 

"sinolog (2 sin 0)cW, (24) 

o 

or, on integration by parts, 



7T 



h n = cos {(n- 1) sin n ~ 2 cos log (2 sin 0) 4- sin"- 2 cos 0} cW 
Jo 

= (^-l)(A„- 2 -A n )+ f a (sin n " 2 0-sin n 0)d0. 

Jo 

Tims ^ = 9 i=l A,- 2 + ^ ^-^i-5.,.l £ (25) 

u • '?r n — 2, n — 4: ... 2 2 

by which the integrals h n can be calculated in turn. Thus 

7 3 7 _j_ 1 1 7T 7T 8 . 1 / 1 1 

^ - 4^ + p • 2 ' 2 ~ 2 4^ \0~0 

, _ 5 . 3 . 1 7T / 1 r 1 \ 1 3 . 1 7T 

i<3 ~ 67172 2 1172^371/ 6 2 472 2 

__ 7T 5 . 3 . 1 / 1 1 , 1 

~~ 2,6.4.2 \0 371 576/ 
Similarly h s = § ^|^ (^ + A + ^ + ^ ) , and so on. 

It may be remarked that the series within brackets, being equal to 

1 -lJ-i«..l 4- 

x 2 r" 3 4 -r . . . , 

approaches ultimately the limit log 2. A tabulation of the earlier members 
of the series of integrals will be convenient : — 

Table I. 
2A /tt = 

2A 2 /tt = 1/4 = 0-25 

2A 4 /tt = 7/32 .= 0-21875 

2A 6 /tt = 37/192 = 019271 

2A 8 /tt = 533/3072 = 017350 

2Ai /tt = 1627/10240 = 015889 
2/i 12 /7t = 18107/122880 = 014736 

2h u /ir = - 013798 

2/mo/tt = = 013018 

2/i 18 /tt = = 012356 

2A 20 /tt=: = 011784 

The last four have been calculated in sequence by means of (25). 
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In (24) we may, of course, replace sin by cos 9 throughout. If both 
sin 9 and cos 9 occur, as in 



fTT 



sin w 9 cos m 9 log (2 sin 9) d9, 



(26) 



where n and m are even, we may express eos m # by means of sin 9, and so 
reduce (26) to integrals of the form (24). The particular case where m = n 
is worthy of notice. Here 
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A comparison of the two treatments gives a relation between the integrals h. 

Thus, if n =4, 

h 4 —2h 6 + h 8 == /k/2 5 . 

We now proceed to the calculation of the left-hand member of (17) with 
"SP" = (& 2 ~3/ 2 )~s or, as it may be written, 
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The leading term has already been found to be 

7T ( 7 + log — 
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In (28) r is equal to ±(y—r)). Taking, as before, 

y == J COS 0, 7) = h cos a, 



we have 
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As regards the terms which do not involve log (cos #— cosa), we have to 

deal merely with 
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where n is an even integer, which, on expansion of the binomial and 
integration by a known formula, becomes 
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Thus, if n = 2, we get tt [|- + cos 2 a]. If n = 4, 
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? and so on. 



The coefficient of (31), or (32), in (30) is 
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At the centre of the aperture where rj = 0, cos a = 0, (32) reduces to its 
first term. At the edges where cos& = ±1 3 we may obtain a simpler form 
directly from (31). Thus 



TT 



31) = J (l±cos0) n d!0 = 2 n 7r— 7r — 7J o— tj—= TT — — i 9~ ~T 



For example, if » = 6, 



(34) = TT 



11.9.7.5.3.1 231tt 



We have also in (30) to consider (n even) 






TT 



2 n \ d0 (cos # — cos #) w log { + 2 (cos 0— cos a)} 





a 



• n d + a ■ J 



d6 sin M — -~ sin 



a 



- log 4 4 sin 



. + a . fit — ) 



sin 



2 



J" 



-j_ 



_//*.: 4TI ^ ^3 



# 



d# sin^ ^r-^ sin w —^ log «{ 4 sin --^ sin 



•^a 



2 



2 



2 



2 J 



I 







n "t/i • „04~# . „0 — a, f . #4- a 

a# sm n --— ~ sm n —tt- loff i 2 sin 



9 



2 



zj 



fa 



4- a# sm" — ^— sin 7 * — ^-~ log -< 2 sin —y 

PS/i • «# + # . 6 — a. r a . — a 

+ c£0 sm n ~-^— sm" —77— loo- J 2 sin —77 

2 2 ° \ 2 

rf7r+fa 



^<£ sin n <£ sin n (<£ — a) log (2 sin <£) 



jo 



/•i 







tTT—ta 



+ i 



f^TT 



rf<£ sin 71 <}} sin re (<£ 4- «) log (2 sin <£) 







= 2 <i<£ sin re <£ {sin w (0 — a) 4- sin w (0 4- «)} log (2 sin <f>) 
Jo 



~j— jj 



(•§«• + fa 



<£<£ sin n <£ sin* ($ — a) log (2 sin <£) 



^ #W 



£ 



<£<£ sin* $ sin* (<£ + a) log (2 sin </>) 

|"?r— §a 

^^ sin 7 * ^f» {sin n (^ — a) 4- sin n (^ 4- «)} log (2 sin 0), 







(34) 



(35) 



through Fine Slits in Thin Opaque Screens. 203- 

since the last two integrals cancel, as appears when w r e write ir — yfr for </>, 
n being even. 

In (35) 
J sin w ((f) + a) + 1 sin^f (0 — a) = sin n c£ cos n # 

+ 7* sin w ~ 2 <f) cos 2 sin 2 a cos w ~ 2 a 

^n.n-1 . ^--2 ^-3 sin „__ 4 , cQg4 , ^ ^ cosW _ 4 a + _ + cogW . sinW /ggy 
1.2.3.4 7- -r t- \ / 

and thus the result may be expressed by means of the integrals h. Thus 
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(35) =4 d<jj> sin 2 <£ {sin 2 </> cos 2 # + cos 2 $ sin 2 #} log (2 sin <£) 
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= 4 {(cos 2 a — sin 2 a) 7*4 + sin 2 a 7* 2 }. (37) 

If n = 4, 
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. 

+ cos 4 </> sin 4 a} log (2 sin <£) 

= 4 {(cos 4 a — 6 sin 2 a cos 2 a + sin 4 a) h$ 

+ (6 sin 2 a cos 2 a — 2 sin 4 a) 7^ 6 + sin 4 a 7^}. (38) 

If 71 = 6, 

(35) = 4 {(cos 6 a — 15 cos 4 a sin 2 a-f 15 cos 2 a sin 4 a — sin 6 a) 7i 12 

+ (15 cos 4 ol sin 2 a — 30 cos 2 a sin 4 a 4- 3 sin 6 a) 7^ 

-f (15 cos 2 a sin 4 a— 3 sin 6 a) A 8 + sin 6 a 7^ 6 }. (39) 

It is worthy of remark that if we neglect the small differences between the 
A's in (39), it reduces to 4cos 6 aA 12 , and similarly in other cases. 

When n is much higher than 6, the general expressions corresponding to 
(37), (38), (39) become complicated. If, however, cos a be either 0, or ±1, 
(36) reduces to a single term, viz., cos w <£ or sin w </>. Thus at the centre 
(cos ol = 0) from either of its forms 

(35) = 2~ w .27^ n . (40) 

On the other hand, at the edges (cos a = + 1) 

(35) = 4 [ 2 d<j> sin 2w <f> log (2 sin <f>) = 47^. (41) 

Jo 

In (30), the object of our quest, the integral (35) occurs with the coefficient 

2i n Jc n b n 
(_1)5tt 2 2 .4 2 .6 2 ...w 2 ' (42) 
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Thus, expanded in powers of Job, (28) or (30) becomes 
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At the centre of the aperture (cos« = 0), in virtue of (40), a simpler form 
is available. We have 
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Similarly at the edges, by (34), (41), we have 
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— ( 7 + log — 



t)»0.4fc.O.^« x 



4 6/ 



H\ , 97 2Aj2 



7T J 



+ ,... (45) 
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For the general value of a, (43) is perhaps best expressed in terms of cos a, 
equal to 7]/b. With introduction of the values of h, we have 



7T 



/ i,kb 

(7 + log — 



7rk 2 b 2 



irk^b 

+ 7^ 



2 2 
ikb\ ! 



7 + logy){cos 2 « + -)4- 2 -cos 2 a-- 



2 2 . 4 2 
2 2 .4 2 .6 2 



3\ 7 5 

7 -f log ^ j ( cos 4 a + 3 cos 2 a-f tH + tt; cos 4 a—- cos 2 a- 



11 

32. 



i>kb\ I 15 45 5 \ 

7 + log -^- j(cos 6 a + — cos 4 «.+ -^-eos 2 0C-+ — ) 



,■37 6 23 . 159 , 73" 
+ 60 CO8 a -8-°° S a -32- COS a ~l92_ 

These expressions are the values of 

w+h D (jfer) dfy 

for the various values of 7;. 



4- 

1 • • • • 



(46) 



(47) 



We now suppose that && = 1. The values for other particular cases, such 
as kb = |, may then easily be deduced. .For cos a = 0, from (44) we have 



^( 7+log 2 



-• X i . J. O . JL 



5.3.1 



2 2 2 2 2 .4 2 4.2 2 2 .4 2 .6 2 6.4.2 



+ .. 



+ 7T 



1 1 



11 



+ 



73 



2 2 4 2 2 .4 2 32 2 2 .4 2 .6 2 192 



% 



tt( 7 + log ^j [1-012500 + 0-00586 + 0-00013] 

+ 7T [0-06250- 0-00537 + 0-00016] 
7T (7 + log M x 0-88073 + 7T x 0-05729 



since 



= 7r[- 0-65528 + 1-3834 i], 

7 = 0-577215, log 2 = 0*693147, log^ 



In like manner, if kb — h we get still with cos a. = 0, 



'i 



|?n. 



?r ( 7 + log j-)[l -0*03125 + 0'00037] + 7r [0-01562-0-00033] 



If kb = 2, we have 



7T [-1-4405 + 1*5223 1]. 



(48) 



(49) 



% 



7T 7 + log ^ [1-0-5 + 0*0938-0-0087 +0-0005] 



9, 



+ tt[0-25-0-0859 + 0-0102-0-0006] 
7t [ + 0-1058 + 0-9199 i]. 



(50) 
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If kb = 1 and cos a = +1, we have from (45) 



77* ( 7+ l0{ 



4, 



1- 



1 3 



+ 



1 35 



ZiO 1 



+ ^r 



2 2 2 2 2 .4 2 8 2 2 .4 2 .6 2 16 
1 6435 1 



19 . 17 . 6435 



2 2 .4 2 .6 2 .8 2 128 2 2 .4 2 .6 2 .8 2 .10 2 10.9.128 



+ .. 



— 7T 



11, 1 97 



1 



7303 






38-084 



170-64 



L2 2 4 2 2 .4 2 96 2 2 .4 2 .6 2 960 2 2 .4 2 .6 2 .8 2 2 2 .4 2 . 6 2 . 8 2 . 10 2 



i a * * * * 



= tt 7 + log~][l-0-375 + 0-068359-0*006266 + 0-000341-0-000012] 

-tt [0-0625 + 0-015788-0-003302 + 0*000258 + 0-000012] 
= tt [- 0-63141 + 1-0798 i]. 

Similarly, if kb = ^, we have 



(51) 



t 



TrU + log'j [1-0-09375 + 0-00427-0*00010] 

-7T [0-01562 + 0-00099-0-00005] 
= 7T [-1-3842 + 1-4301 i], (52) 

And if 7<?& = 2, with diminished accuracy, 

7r( 7 + log-) [1-1-5 + 1-094-0-401 + 0-087-0-012 + 0-001] 

-7T [0-25 + 0-253 - 0-211 + 0'066 - 0-012 + 0*001] 
= „[ -0-378 + 0-422 i]. (53) 

As an intermediate value of ol we will select cos 2 a — J. For kb = 1 



from (46) 



% 



7r(7 + logi) [1-0-25 + 0-03320 -0-00222+...] 



+ 7T [0-0*01286 + 0-001522 + ...] 



(54) 



(55) 



= tt[ -0*6432 + 1-2268^]. 

Also, when kb = |-, 

7T [-1-4123 + 1-4759*^]. 

When kb = 2, only a rough value is afforded by (46), viz., 

tt[- 0*16 + 0-61i]. (56) 

The accompanying table exhibits the various numerical results, the factor 



7r being omitted. 



Table II. 



Jeb 



i 

2« 



hb - 1. 



M = 2. 



cos a = 

cos 2 a = ^ 
cos 2 a = 1 



1 -4405 + 1 -5223 i 

1 -4123 + 1 *4759 1 

• 1-3842 + 1 *4301 i 



• 0-65528 + 1-3834 i 
-0-6432 +l-2268t 
- 0*63141 + 1 -0798 1 



+ '1058 + -9199 i 
-0-16 +0-61i 
-0-378 +0-422i 
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As we have seen already the tabulated quantity when kb is very small 
takes the form 7 + log ikbj 4, or log A# — 0*8091 + 1*5708^, whatever may be the 
value of a. In this case the condition (17) can be completely satisfied with 
ty = A(b 2 —y 2 )~i, A being chosen suitably. When kb is finite, (17) can no 
longer be satisfied for all values of a. But when Jcb = J, or even when kb =1, 
the tabulated number does not vary greatly with a and we may consider (17) 
to be approximately satisfied if we make in the first case 

7r(-l-4123 + r4759i) A = -1, (57) 

and in the second, 

7r(-0'6432 + r2268i)A = -1. (58) 

The value of i/r, applicable to a point at a distance directly in front of the 
aperture is then, as in (16), 

f= _ W -A(^)V*'. (59) 

1 \2 %kr] 

In order to obtain a better approximation we require the aid of a second 
solution with a different form of ^P. When this is introduced, as an addition to 
the first solution and again with an arbitrary constant multiplier, it will 
enable us to satisfy (17) for two distinct values of a, that is of 77, and thus with 
tolerable accuracy over the whole range from cos u = to cosa = Hhl. 
Theoretically, of course, the process could be carried further so as to satisfy 
(17) for any number of assigned values of cos a. 

As the second solution we will take simply M* = 1, so that the left-hand 
member of (17) is 

D (kr) dr+\ D (kr) dr. (60) 

o Jo 

If we omit k, which may always be restored by consideration of homo- 
geneity, we have 

K ' y + M °2/U +v 2 2 .3 + 2 2 .4 2 .5 "•. 

2 2 .3 2 2 .4 2 .5 2 ' 2 2 .4 2 .6 2 .7 3 '*' 
+ (i + v ){log(b + n )-l}- ( ^f^log(b + v )-l 

+ (b + vf fi 0O(b + v) _ri- 

+ 2 2 .4 2 .5 L n{ V) 5 J •" 

+ the same expression with the sign of rj changed. 
The leading term in (60) is thus 

2b(y-l + log^i) + (b + v )\og(b + v ) + (b-7])log(b- v ). (61) 
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At the centre of the aperture (rj = 0) 

(61) = 21 {y-l + log -lib}, 
and at the edges (rj = + 6), 

(61) = 2&{ 7 -l + logi&}. 

It may be remarked that in (61), the real part varies with rj, although the 
imaginary part is independent of that variable. 

The complete expression (60) naturally assumes specially simple forms at 
the centre and edges of the aperture. Thus, when nj = 0, 



(60)-s-2& = 7 + log; 



iV 



2 



09, o ' r»9. 



2 2 .3 2 2 .4 2 .5 



+ 2 a .3\ + ° 



¥ 



3/ 2 2 . 4 2 . 5 
and, similarly, when rj = +6, 



! + £ + !) + 



J6 



11 1 N 

2 ' 5/ ' 2 2 .4 2 .6 2 .7\ 1 + 2 + 3 + 7, 



(62) 



(60)^-26 = (7 + logi6) 






(2b) 2 (2bf 

77 + 7« 



2 2 .3 2 2 .4 2 .5 



i+g^i-4' 



2 2 .3 



(?^fi + i + i) + _«! 



2 ■ 5/ ' 2 2 .4 2 .6 2 .7\ 1 + 2 + 3 + 7) ""• (63) 



«j/ Zj .4,0 

To restore fc we have merely to write hh for b in the right-hand members 
of (62), (63). 

The calculation is straightforward. For the same values as before of hh 
and of cos 2 a, equal to rfjb 2 , we get for (60)-r-26 

Table III. 



-oW. 


hh — \ % 


hh « 1. 


hh = 2. 



1 

2 
1 


- 1 -7649 + 1 -5384 % 
-1-4510 + 1-4912^ 
-1-0007 + 1-4447?: 


- 1 -0007 + 1 -4447 i 
-0-6740+1-2771^ 
-0-2217 + l-1198i 


-0-2167 + 1 -1198 i 
-0-1079 + -7166 i 
+ 0*1394 + -4024 i 



We now proceed to combine the two solutions, so as to secure a better 

satisfaction of (17) over the width of the aperture. For this purpose we 

determine A and B in 

v^ = A(b 2 -i/)~i + B } (64) 

so that (17) may be exactly satisfied at the centre and edges (j) = 0, 
V = ±^)- The departure from (17) when yf\b 2 = J can then be found. If 
for any value of hb and 97 = the first tabular (complex) number is p and 
the second q, and for 77 = + b the first is r and the second s, the equations of 
condition from (17) are 

irA.p-\-2bB.q = —1, irA.r + 2bB.s = — 1. (65) 



through Fine Slits in Thin Qpaque Screens. 



209 



When A and B are found, we have in (16) 

= ttA+26B. 

j — ij 

From (65) we get 



+ b 

-b 



7rA 



9- 



ps — qr 



2MB 



D 



•P 



r ps — qr 



so that 



r+b (j \ r 



s—p 



(66) 



(67) 



Thus for kb = 1 we have 

p = -0-65528 + l'3834i, 

r = -0-63141 + 1-0798^ 
whence 

ttA = + 0-60008 + 0-51828^ 



q= -1-0007 + 1-4447 i, 
s= -0-2217 + 1-1198^ 

2KB = -0-2652 + 0-1073^ 



and (67) = 4-0-3349 + 0-6256^ 

The above values of ttA and 2Z>B are derived according to (17) from the 
values at the centre and edges of the aperture. The success of the method 
may be judged by substitution of the values for 7] 2 /b 2 = |-. Using these in 
(17) we get — 0'9801 — 0*0082 £, for what should be —1, a very fair approxi- 
mation. 

In like manner, for kb = 2 

(67) = +0-259 + 1-2415 i; 

and for kb = J (67) = + 0-3378 + 0*3526i 

As appears from (16), when k is given, the modulus of (67) may be 
taken to represent the amplitude of disturbance at a distant point imme- 
diately in front, and it is this with which we are mainly concerned. The 
following table gives the values of Mod. and Mod. 2 for several values of kb. 
The first three have been calculated from the simple formula, see (20). 

Table IV. 



n. 


Mod. 2 . 


Mod. 


o-oi 


'0174 


'1320 


0-05 


-0590 


-2429 


0*25 


-1372 


'3704 


0-50 


'2384 


'4883 


1-00 


'5035 


7096 : 


2-00 


1 -608 


1268 



The results are applicable to the problem of aerial waves, or shallow water 
waves, transmitted through a slit in a thin fixed wall, and to electric 
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(luminous) waves transmitted by a similar slit in a thin perfectly opaque 
screen, provided that the electric vector is perpendictdar to the length of 
the slit. 

In curve A, fig. 1, the value of the modulus from the third column of 
Table IY is plotted against kb. 



■ 




i*y 




H^— ^■ J * »» 1 












w ft 











o 



o-5 



i-o i-5 

Ftg. 1. 



z-o 



z-5 



When kb is large, the limiting form of (67) may be deduced from a 
formula, analogous to (12), connecting ^F and dfyjdn. As in (11), 

cl± m f . T , dD 

dx 



f 



V ^ Ay, 



dx 



in which, when x is very small, we may take D = log r. Thus 



dyfr 

dx 



\$r 



+ oo 



xdy 



= Y 



tan' 



1 



+ 00 



•oo 



tt¥, or ^ = - ^ . (68) 

it an v 7 



Now, when kb is large, dyjr/dn tends, except close to the edges, to assume 
the value ik, and ultimately 

(67)= *dy = ^^, (69) 

of which the modulus is 2kbJ7r simply, i.e. 0*637 kb. 

We now pass on to consider case (ii), where che boundary condition to be 
satisfied over the wall is <£ = 0. Separating from cf> the solution (x) which 
would obtain were the wall imperforated, we have 

Xm = e -ikx_ G ikx 9 Xv _ o, (70) 

living over the whole plane (x = 0), 

%>» = ? Xp = °> dxm/dx = -2t/v, ^/dff = 0. 
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The supplementary solutions ^r, equal to <£— %> may be written 



[clD 



yfr m = ~^ m dy, f p = ~%dy, (71) 



QjtXj 



clD 



dx 



where ^ mi ^ p are functions of y, and the integrations are over the aperture. 
D as a function of r is given by (13), and r, denoting the distance between 
dy and the point (x, 7)) f at which ty m -yjr p are estimated, is equal to 
\/{% 2j r{y— v) 2 }* The form (71) secures that on the walls yfr m =^}r p = 0, so 
that the condition of evanescence there, already satisfied by %, is not 
disturbed. It remains to satisfy over the aperture. 

tym = ^p, —2ik + difr m /dx = d'yjrpfdx. (72) 

The first of these is satisfied if ty m = — ty pt so that ty m and yfr p are equal at 
any pair of corresponding points on the two sides. The values of d^ m fdx, 
cl^rpjdx are then opposite, and the remaining "condition is also satisfied if 

d^jr m /dx = He, dyjrp/dx = ~ih (73) 

At a distance, and if the slit is very narrow, dD/dx may be removed from 
under the integral sign, so that 

dD C +h 

in which ^ = ^ (^V* (75) 

dx r \2%krJ 

And, even if hb be not small, (74) remains applicable if the distant point 
be directly in front of the slit, so that x — r. For such a point 

* p=ik \2ih-) e ""*"%%• (76) 

There is a simple relation, analogous to (68), between the value of ^ p 
at any point (rf) of the aperture and that of ^ p at the same point. For in 
the application of (71) only those elements of the integral contribute which 
lie infinitely near the point where ty p is to be estimated, and for these 
dD/dx = xjr 2 . The evaluation is effected by considering in the first 
instance a point for which x is finite and afterwards passing to the limit. 
Thus 

+ P = ^ l, + %-vf = ^ p - (77) 

It remains to find, if possible, a form for %, or <ty P9 which shall make 
dtypjdx constant over the aperture, as required by (73). In my former 
paper, dealing with the case where hb is very small, it was shown that known 
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theorems relating to the flow of incompressible fluids lead to the desired 
conclusion. It appeared that (74), (75) give 



, kPb 2 xf it 



\2ik 



e 



•ikr 



T, 



(78) 



showing that when b is small the transmission falls off greatly, much more 
than in case (i), see (20), The realised solution from (78) is 

k?h 2 xf ir \* 



f> = 



2r \2krl 



G0s(nt~~kr—^7r% 



(79) 



corresponding to % m = 2 sin nt sin fe. (80 

The former method arrived at a result by assuming certain hydrodynamical 
theorems. For the present purpose we have to go further, and it will be 
appropriate actually to verify the constancy of df/dx over the aperture as 
resulting from the assumed form of ty 9 when kb is small In this case we 
may take D = logr, where r 2 = x 2 + (y—iq) 2 . From (71), the suffix p being 
omitted, 



dm 






. -b 



(IX 



and herein 



d*D 



r 72T\ 

,v JL. f 



dx 2 d?} 2 

Thus, on integration by parts, 



•-: — if) COnSt.), 

dAf 



df 



\J/ 



LvXJ 



+ 



f +6 dD rW 



In (81) 






($7/, 



(81) 



% dr dy (y—v) 2 + & 



2 J 



(82) 



and so long as 17 is not equal to ±b, it does not become infinite at the* 
limits (y = ± &), even though # = 0, Thus, if ^ vanish at the limits, the 
integrated terms in (81) disappear. We now assume for trial 

which satisfies the last-mentioned condition. Writing 

7/ = & cos 0, 7} ~ b cos «, #' = x/b, 
d^ 

1; = I o 



we have 



d^fr ___ {'"' (cos — cos ctf-h cos & (cos fl— cos a) ™ 
ate "~~ J (cos — cos a) 2 + a/ 2 



(83) 



Of the two parts of the integral on the right in (83) the first yields w 
when x f = 0. For the second we have to consider 

%sr cos — cos a 



(cos — GOB af -i- X 4 






(84) 



through Fine Slits in Thin Opaque Screens, 213 

%S XX 

in which cos — cos a passes through zero within the range of integration. 
It will be shown that (84) vanishes ultimately when x' = 0. To this end 
the range of integration is divided into three parts : from to a h wHere 
ai < a, from cq t6 ot 2 where a 2 > a, and lastly from a 2 to ?r. In evaluating 
the first and third parts we may put x' = at once. And if z = tan J 



^0 



cos — cos a sin a 



dz dz 



.tan \a-\-z tan ^a— «. 



Sin a being omitted, the first and third parts together are thus 

z -4- / / "4- ^i /o — - / 
log _J_ + log^-i + log ~ , 

*z-t *t—ti b t 2 + t 

where t = tanja, ^ = tan-Jai, £ 2 = tan Ja 2 , and s is to be made infinite. 

It appears that the two parts taken together vanish, provided t h t 2 are so 
chosen that t 2 = tit 2 . 

It remains to consider the second part, viz., 

'"* d0 (cos - cos a) 

a (COS0 — COS#) 2 + #/ 2 ' 

in which we may suppose the range of integration ct 2 — a x to be very small. 

Thus 

(ok\ _ [ a2 d0.2siii%(0 + aL) sin|(a~~0) 
V ; J oi 4sin 2 |(0 + a ) sin 2 J(a--0) + ^ 2 

2 sin a & sin 2 a (a — ai) 2 + #/ 2 * 

and this also vanishes if « 2 — -a=a— a x , a condition consistent with the 
former to the required approximation. We infer that in (83) 

-*+ = 7T, (86) 

so that, with the aid of a suitable multiplier, (73) can be satisfied. Thus if 

"¥ = A. x /(b 2 —y 2 \ (73) gives A = ^/tt, and the introduction of this into (74) 

gives (78). We have now to find what departure from (86) is entailed when 

Jcb is no longer very small. 

Since, in general, 

d 2 D/dx 2 + d 2 D/dy 2 + k 2 D = 0, 

we find, as in (81), 



and for the present Y has the value defined in (82). The first term on the 
right of (87) may be treated in the same way as (28) of the former problem, 
the difference being that \/Q) 2 —y 2 ) occurs now in the numerator instead of 
vol. lxxxix, — a. s 
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the denominator. In (30) we are to introduce under the integral sign the 
additional factor te 2 b 2 sin 2 9. As regards the second term of (87) we have 



'dWdD 

dy dy 



dy 



J. VUJLJ 



+h y(y—7))dy 1 dD 

- b \/( h2 -y) r dr ' 



where in - v ~ we are to replace r by + (y—rj). We then assume as before 
r dr 

= b cos 0, 7] = b cos a, and the same definite integrals h n suffice ; but the 
calculations are more complicated. 

We have seen already that the leading term in (87) is ir. For the next 
term we have 



D = 7 + log 



iter 



1 dD F te 2 1 , -. iter 

__ . — _ = — — — my 4- log' — 

r dr 4 2 V^ b 2 



and thus 

1 dty ___ it 



W 2 efe 4\ 7 + ° g T 2, 



/*7T 



4- dd (I— f cos 2 + ! cos a cos #) log +2 (cos 5 — cos a). (88) 

Jo 

The latter integral may be transformed into 



2 



fhr 



dcj> {1 — fcos 2 (2(j>—* #)4 i COS a cos (2<£ — a) 



JO 



+ 1 — f cos 2 (2 + a) + \ cos a (cos 2 (ft + a)} log (2 sin <£), 
and this by means of the definite integrals h is found to be 



— - (1 + 2 sin 2 a), 
8 

To this order of approximation the complete value is 

_ C J£. = 7r + i rfS 2 (7 — sin 2 a -f log £ &&). 

For the next two terms I find 

+ ^| 4 [(l + 4cos 2 a)(l-4 7 -41ogi^) 



(89) 






+ 



4- 3 sin 4 a. 4- 1|- cos 4 a 4- 6 sin 2 a COS 2 a] 
2 i^KiV + f cos 2 * + 1- cos 4 *)( 7 + logi^~f) 

157 



8 2 .15 



COS 6 ot 



13 15 7 

-—-- cos 4 a sin 2 a — — cos 2 a sin 4 #— ■— — -- sin 6 al. 

8 2 .3 8 2 8 2 .3 J 



(90) 



When cos a = 0, or + 1, the calculation is simpler. Thus, when cos a = 0, 



= 1+ 7 + log 

7r dx 4 \ 



l^-^L + lo^-l 

4 / 128V n 4 



W / iteb $ 

+ 77—^1 7 + lo g 



6.4* 



4 4, 



5/W/ , , ikb 22' 
__ 7 + log T - 



(91> 
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and when cos a. = + 1, 

__ 1 dty _ -I , k 2 b 2 1 ■ ■• ik& 



7T 



dx 



4 
WW 



7 + log 



ikb\ 16 



20 7 + log-T- )--. 



k«V 



ikb\ 6831 



512 l-"\"" .4/ 3j + 6^1 2 H 7 + l0g TJ-W; 



^{_42 9 ( 7+ ,„ g »)_ 329> 



(92) 



the last term, deduced from h U) hiQ, being approximate. 

For the values of — Tr'hfy/dx we find from (91), (90), (92) for 

Kb = J, 1, v/2, 2 :— 

Table V. 





jfcj - J. 


U =1. 


Tcb = a/2. 


Jcb = 2. 


cos a — 
cos 2 a = i 
cos 2 a = 1 


-8448 + "0974 i 
-8778 + "0958 i 
'9103 + -0944 i 


-5615 + -3807 i 
'6998 + -3583 % 
-8353 + -3364 i 


0-3123 + 0-7383* 
'8587 + -5783 i 


-0102 + 1 -3899 i 
0*518 +1*129* 
1-020 +0*861* 



These numbers correspond to the value of M* expressed in (82). 

We have now, in pursuance of our method, to seek a second solution with 
another form of M* The first which suggests itself with M* = 1 does not 
answer the purpose. For (81) then gives as the leading term 



dty 



dx 



y—v 



2b 



-b 



b 2 -~ 2 ' 



V 



_(y—r)) 2 -\-x 2 _- 

becoming infinite when tj = + b. 

A like objection is encountered if M* = b 2 - y 2 . In this case 

The first part gives 4& simply when x becomes zero. And 

2 



(93) 



so that 



■( y-y)dy ]n „ (b- v f+x 2 . 
dx . a .b + 7) 



(94) 



becoming infinite when rj — ±b. 

So far as this difficulty is concerned we might take M* = (b 2 — y 2 ) 2 , but 
another form seems preferable, that is 

^ = b~ 2 {b 2 -y 2 fl 2 . (95) 

With the same notation as was employed in the treatment of (82) we have 



dty__ 



IT 



dx 



= 3 



cos 9 (cos fl— COS a) d0 
(cos — cos cif + a; 



d$ o C" GQ$ S (COS — 
/2 J (COS — COS a) 5 



COS a) 7/1 

s 2 
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The first of these integrals is that already considered in (83). It yields 
3 7T. In the second integral we replace cos 3 # by {(cos 6— cos a) + cos a} 3 , and 
we find, much as before, that when x' = 

* n COS 3 8 (COS 6 — COS a) d8 ,, , o x /Ci n\ 

— \ \ - = 7T (|- + COS 2 a).. (96) 

(C0S# — COSa) 2 + ;£ 2 

Thus altogether for the leading term we get 

_*£ = 37r(i-cos 2 *) = 37r(i-^ a /i 3 ). (97) 

This is the complete solution for a fluid regarded as incompressible. We 
have now to pursue the approximation, using a more accurate value of D 
than that (log r) hitherto employed. 

In calculating the next term, we have the same values of D and r^dD/dr 
as for (88) ; and in place of that equation we now have 

1 d'ylr- 37r/ , -, ikb , r 
P6 2 &j 16 V 6 4 2, 

+ Fd0 [f sin 4 0-f sin 2 6> + f sin 2 6> cos cos a] log { ± 2 (cos 0-cos a)}. (98) 

Jo 
The integral may be transformed as before, and it becomes 

d(f> log (2 sin <J>) [f (sin 4 2 cos 4 a + 6 sin 2 2 cos 2 2 sin 2 a cos 2 a 

o 

+ cos 4 2 sin 4 a) — 4 (sin 2 2 </> cos 2 a + cos 2 2 <£ sin 2 a) 

+ f cos ol cos 2<£{sin 2 a cos a + sin 2 2$ (cos 3 a — 3 sin 2 a cos a)}]. (99) 

The evaluation could be effected by expressing the square bracket in terms 

of powers of sin 2 <£, but it may be much facilitated by use of two lemmas. 

If /(sin 2$, cos 2 20) denote an integral function of sin 2$, cos 2 2<£, 



<^7r rf/rc 



d$ log (2 sin <£)/(sin 2 <j>, cos 2 2 <jb) = # log (2 cos </>)/(sin 2 0, cos 2 2 0) 
° 

= \ [ # log (2 sin 2cj>)f (sin 20, cos 2 20) = -J- |# log (2 sin <£)/(sin 0, cos 2 0), 

(100) 
in which the doubled angles are got rid of. 

Again, if m be integral, 



*7T 



d$ sin 2m 2 cos 2 <£ log (2 sin 0) 
o 

= — — [ log (2 sin 0) ^ sin 28M + 1 2 </> 
4m + 2J 

-5— f "sin 2 OT 2 (1 + cos 2 0) tf<£ 
^ + 2 Jo 



4m 

4m + 2 

1 2 m ~~ 1 . 2 m — 3 . . . 1 -zr 



sin 2 m 2 6 dd> = - -: ~- sin 2 m ^0 

T T 4cm + 2 



*7T 



4m + 2 2m. 2m — 2. ..2 2 



o 

(101) 
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For example, if m = 0, 



i 





'■ 7T 

<#0cos2$log(2sin<5&) = —- 



(102) 



(103) 



^ sin 2 2 ^ cos 2 ^ log (2 sin <j>) — —^j- 

o ^ 

Using these lemmas, we find 

(99) = 5/^4 (cos 4 ol — 6 cos 2 a sin 2 a + sin 4 ol) 

+ 7^2 (30 cos 2 ol sin 2 a — 10 sin 4 a — 3 cos 2 a + 3 sin 2 a) 

— 1 7r cos 2 a (cos 2 ol + 3 sin 2 a) ; 

and thence, on introduction of the values of h 2 , h±, for the complete value to 
this order of approximation, 



C I± = 37r(^-cos 2 ol ) + 7rk 2 b 2 
clx \2 



o 






L16\ 



:(7 + 5 + lQ 



0* 



T 



l ,. 



64 



(5 cos 4 a + 18 cos 2 a sin 2 a -f 21 sin 4 a) 



(104) 



To carry out the calculation to a sufficient approximation with the general 
value of ol would be very tedious. I have limited myself to the extreme cases 
cos ol = 0, cos ol = + 1. Tor the former, we have 



!*£=:* + / lpgffi^ [3k 2 b 2 _¥b 



ir clx 2 ' V 7 ' ^ & 4 / I 16 

157^ 2 , 77^ 4 



7f;% 6 



256 2 2 .4 2 .256 
1 1 uu 



64 



and for the latter 



6.256 4 3 .256.8* 



(105) 



1^ 3 + Ay + lo* 



7T 



cfe 



bk 2 b 2 



iW 



3k 2 b 2 7k*¥ 33 k% 6 1437^ 8 "\ 

.16 4.16.16.16 24.16 4 / 



+ 



b 4 / I 16 16 

41 WW . 1069 m Q 



-+ 



41309 W 



64 16.64.15 16.3.70.64.64 16 5 .9.420 



1 W 3289W 

32 ^4. 16.16 2.16* 16 5 .36 ' 



, 3k 2 b 2 , W 4 



(106) 



From these formulae the following numbers have been calculated for the 



value of — 7r hlyfr/dx :• 



Table VI. 





*ft = J. 


&J = 1. 


7ch = V2. 


£5 = 2. 


cos a = 
cos a = ± 1 


1 -3716 + 0-0732 * 
- 1 -5634 + -0710 i 


1 -1215 + -2885 i 
-1*6072 + 0-2546* 


-8824 + -5653 i 
-1 -5693 + '4401? 


-5499 + 1 -0860 i 
-1 -3952 + -6567 * 
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They correspond to the value of ^ formulated in (95). 

Following the same method as in case (i), we now combine the two solutions, 

assuming 

■*■ = A^/Q?-tf) + Bb~ 2 (W-iffl\ (107) 

and determining A and B so that for cos a = and for cos = ± 1, d^fr/dx shall 
be equal to —ik. The value of ^ at a distance in front is given by (76), in 
which 



^[^f^= 7 ^ 2 (a+|b). 



(108) 



We may take the modulus of (108) as representing the transmitted 
vibrations, in the same way as the modulus of (67) represented the transmitted 
vibration in case (i). 

Using p, q, r, s, as before, to denote the tabulated complex numbers, we 
have as the equations to determine A and B, 

Ap + Bq = At + Bs = ik/ir, (109) 

k 2 b 2 s-r-q-\-\{ f p-—r) 



so that 



ik 



^dy 



(110) 



2 ps — qr 

For the second fraction on the right of (110) and for its modulus we get in 
the various cases 

jfe&= J, 1-1470 -0-1287*, 1*1542, 

kb = 1, 1*1824-0*6986^ 1*3733, 

kb = y/2, 0*6362-1*0258^, 1*2070, 

kb = 2, 0-1239-0-7303^ 0*7407. 

And thence (on introduction of the value of kb) for the modulus of (110) 
representing the vibration on the same scale as in case (i). 

Table VII. 



u. 


Modulus. 


1 

2 
1 

a/2 

2 


'1443 

'6866 

1 -2070 
1 -4814 



These are the numbers used in the plot of Curve B, fig. 1. When kb is 
much smaller than -J, the modulus may be taken to be|-/W. When kb is large 
the modulus approaches the same limiting form as in case (i). 

This curve is applicable to electric, or luminous, vibrations incident upon 
a thin perfectly conducting screen with a linear perforation when the electric 
vector is parallel to the direction of the slit. 



through Fine Slits in Thin Opaque Screens. 219 

It appears that if the incident light be unpolarised, vibrations perpendi- 
cular to the slit preponderate in the transmitted light when the width of the 
slit is very small, and the more the smaller this width. In the neighbourhood 
of hh = 1, or 2b = A,/7r, the curves cross, signifiying that the transmitted light 
is unpolarised. When Jcb = 1J, or 2h = 3X./2tt, the polarisation is reversed, 
vibrations parallel to the slit having the advantage, but this advantage is not 
very great. When &6>2, our calculations would hardly succeed, but there 
seems no reason for supposing that anything distinctive would occur. It 
follows that if the incident light were white and if the width of the slit were 
about one-third of the wave-length of yellow-green, there would be distinctly 
marked opposite polarisations at the ends of the spectrum. 

These numbers are in good agreement with the estimates of Fizeau : " Une 
ligne polarisee perpendiculairement a sa direction a paru etre de yo^o - de 
millimetre; une autre, beaucoup moins lumineuse, polarisee parallelement 
a sa direction, a ete estimee a T owo ^ e mi Ui m ® tre - J e dois ajouter que ces 
valeurs ne sont qu'une approximation; elles peuvent etre en realite plus 
faibles encore, mais il est peu probable qu'elles soient plus fortes. Ce 
qu'il y a de certain, c'est que la polarisation parallele n'apparait que dans 
les fentes les plus fines, et alors que leur largeur est bien moindre que la 
longueur d'une ondulation qui est environ de ^oW ^ e millimetre." It will 
be remembered that the i( plane of polarisation " is perpendicular to the 
electric vector. 

It may be well to emphasize that the calculations of this paper relate to an 
aperture in an infinitely thin perfectly conducting screen. We could scarcely 
be sure beforehand that the conditions are sufficiently satisfied even by a 
scratch upon a silver deposit. The case of an ordinary spectroscope slit is 
quite different. It seems that here the polarisation observed with the finest 
practicable slits corresponds to that from the less fine scratches on silver 
deposits. 



